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CHARACTERISTIC FOLIATION ON NON-UNIRULED
SMOOTH DIVISORS ON HYPERKA¨HLER
MANIFOLDS
EKATERINA AMERIK, FRE´DE´RIC CAMPANA
Abstract. We prove that the characteristic foliation F on a non-
singular divisor D in an irreducible projective hyperka¨hler mani-
fold X cannot be algebraic, unless the leaves of F are rational
curves or X is a surface. More generally, we show that if X is an
arbitrary projective manifold carrying a holomorphic symplectic
2-form, and D and F are as above, then F can be algebraic with
non-rational leaves only when, up to a finite e´tale cover, X is the
product of a symplectic projective manifold Y with a symplectic
surface and D is the pull-back of a curve on this surface.
When D is of general type, the fact that F cannot be algebraic
unlessX is a surface was proved by Hwang and Viehweg. The main
new ingredient for our results is the observation that the canonical
class of the (orbifold) base of the family of leaves is zero. This
implies, in particular, the isotriviality of the family of leaves of F .
RE´SUME´: Nous montrons que si le feuilletage caracte´ristique F
d’un diviseur D lisse d’une varie´te´ projective complexe symplec-
tique irre´ductibleX est alge´brique, alors ou bien X est une surface,
ou bien les feuilles de F sont des courbes rationnelles. Lorsque D
est de type ge´ne´ral, ce re´sultat est duˆ a` Hwang et Viehweg. Nous
en de´duisons, lorsque X est une varie´te´ projective complexe ar-
bitraire munie d’une 2-forme symplectique holomorphe, et D, F
comme ci-dessus, que si les feuilles X sont des courbes alge´briques
non-rationnelles, alors, apre`s reveˆtement e´tale fini, X est le pro-
duit d’une surface K3 ou abe´lienne S par une varie´te´ symplectique
Y , et D = C × Y pour une courbe C ⊂ S.
L’ingre´dient principal nouveau de la de´monstration est l’observation
que la classe canonique (orbifolde) de la base de la famille des
feuilles est triviale. Ceci implique, en particulier, l’isotrivialite´ de
la famille des feuilles de F .
1. Introduction
Let X be a projective manifold equipped with a holomorphic sym-
plectic form σ. Let D be a smooth divisor on X . At each point of
D, the restriction of σ to D has one-dimensional kernel. This gives a
non-singular foliation F on D, called the characteristic foliation. We
say that F is algebraic if all its leaves are compact complex curves.
If D is uniruled, the characteristic foliation F is always algebraic.
Indeed, its leaves are the fibres of the rational quotient fibration on D
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(see for example [A-V14], Section 4). On the other hand, J.-M. Hwang
and E. Viehweg proved in [H-V08] that F cannot be algebraic when D
is of general type, except for the trivial case when dim(X) = 2. The
aim of this article is to classify the examples where F is algebraic and
D is not uniruled.
Our main result is as follows.
Theorem 1.1. Let X be a projective manifold with a holomorphic
symplectic form σ and let D be a smooth hypersurface in X. If F
as above is algebraic and the genus of its general leaf is g > 0, then
the associated fibration is isotrivial and KD is nef and abundant, with
ν(KD) = κ(D) = 1 when g ≥ 2 and ν(KD) = κ(D) = 0 when g = 1.
Here ν denotes the numerical dimension and κ the Kodaira dimen-
sion. In general, κ(D) does not exceed ν(KD), and KD is said to be
abundant when the two dimensions coincide (by a result of Kawamata,
this implies the semiampleness of KD, so this notion is important in
the minimal model program).
What we actually are going to prove is a slightly more general re-
sult. Consider a smooth projective variety D of dimension d carrying
a nowhere vanishing holomorphic (d − 1)-form ω. Such a form has
one-dimensional kernel at each point and therefore defines a smooth
rank-one foliation F . Alternatively, the foliations arising in this way
are those defined by the subbundles of TD isomorphic to the anticanon-
ical bundle of D. In this situation, we have the following
Theorem 1.2. If F is algebraic, then the associated fibration f : D →
B is isotrivial without multiple fibers in codimension one and the canon-
ical class KB is trivial.
We refer to subsection 2.1 for the definition and discussion of the
fibration associated to a smooth algebraic foliation of rank one.
When D is a divisor in a holomorphic symplectic manifold (X, σ) of
dimension d + 1 = 2n, one recovers the first part of theorem 1.1 by
taking the form σ∧(n−1) for ω, since the kernel of σ is then equal to
that of ω; the assertions on the numerical and Kodaira dimension are
deduced from theorem 1.2 in a standard way.
The next two theorems are consequences of theorem 1.1.
Theorem 1.3. Let X, D, F be as in theorem 1.1, and suppose more-
over that X is irreducible (that is, simply connected and with h2,0(X) =
1). If F is algebraic and D is not uniruled, then dim(X) = 2.
By the Bogomolov decomposition theorem, up to a finite e´tale cov-
ering, any compact Ka¨hler symplectic manifold is a product of a torus
and several irreducible holomorphic symplectic manifolds. Since our
assumptions on D and F are preserved under finite e´tale coverings,
theorem 1.3 is valid for holomorphic symplectic manifolds with h2,0 = 1
3and finite fundamental group. Moreover we may consider only the case
of such products in the sequel.
Remark 1.4. The smoothness assumption is essential, as one sees by
considering the Hilbert square X of an elliptic K3-surface g : S →
P1: one has a fibration h : X → P2 = Sym2(P1). If C ⊂ P2 is the
ramification conic of the natural 2-cyclic cover (P1)2 → P2, and L ⊂ P2
is a line tangent to C, then the characteristic foliation on the singular
divisor D := h−1(L) is algebraic with g = 1. One obtains similar
examples with g > 1 by considering the image of C × S in the Hilbert
square of S, where S is an arbitrary K3 surface and C ⊂ S is a curve.
Theorem 1.5. Let X, D, F be as in theorem 1.1. Suppose that D
is non-uniruled and F is algebraic. Then, possibly after a finite e´tale
covering, X = S×Y , where dim(S) = 2, both S and Y are complex pro-
jective manifolds carrying holomorphic symplectic forms σS, σY , and
D = C × Y , where C ⊂ S is a curve.
Remark 1.6. The surface S from theorem 1.5 is, up to a finite cover,
either K3 or abelian. In the first case, σ = p∗σS ⊕ q∗σY on TX ∼=
p∗TS ⊕ q∗TY (where p, q denote the projections) by Ku¨nneth formula.
In the second case, one still has σ = p∗σS⊕q∗σY when g > 1. Indeed,
by Ku¨nneth formula (and Bogomolov decomposition) one reduces to the
case when Y is also an abelian variety, and the decomposition then
follows by a straightforward linear-algebraic computation.
In contrast to these cases, when S is an abelian surface and g = 1,
σ is not always a direct sum (see example 4.1).
The main ideas of the proof of Theorem 1.2 are as follows. Suppose
that D is not uniruled and that F is algebraic. Then F defines a
holomorphic fibration f : D → B such that its non-singular fibers are
curves of genus g > 0, and the singular fibers are multiple curves with
smooth reduction. The base has only quotient singularities by Reeb
stability. We prove that the codimension of the locus of multiple fibers
in D (and of its image in B) is at least two. Therefore the form ω
descends to B outside of a codimension-two locus; this trivializes the
canonical class of B.
The generic semi-positivity theorem of [C-P13], in the simpler case
when there is no orbifold structure, now implies that the Iitaka dimen-
sion of the determinant of any subsheaf of the cotangent sheaf of B is
non-positive. On the other hand, Hwang and Viehweg construct such
a subsheaf (coming from the Kodaira-Spencer map) with Iitaka dimen-
sion equal to the number of moduli of the fibres of f . Therefore the
family f must be isotrivial.
As an application, we deduce in section 5 a certain case of the
Lagrangian conjecture on a projective (and, more generally, compact
Ka¨hler) irreducible holomorphic symplectic manifold of dimension 2n
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from the Abundance conjecture in dimension 2n−1. We therefore solve
this case unconditionally for n = 2, since the Abundance conjecture is
known for threefolds ([K92]; see also [C-H-P14] for the generalization
to the Ka¨hler case). This was our initial motivation for this research.
When the research has been completed, Chenyang Xu has informed
us that for projective manifolds, this case of the Lagrangian conjec-
ture follows from a fundamental result of Demailly, Hacon and Paun
([D-H-P12]). As no algebraic proof of [D-H-P12] is known, our result
also gives a simple algebro-geometric alternative for hyperka¨hler man-
ifolds (see section 5 for statements and proofs).
The next section is devoted to the proof of theorems 1.1 and 1.2.
The following two prove theorems 1.3 and 1.5 respectively. In the last
section, we treat our application to the Lagrangian conjecture.
2. Some numerical invariants of the characteristic
foliation
2.1. Smooth rank 1 foliations. Let D be a d-dimensional (d ≥ 2)
connected Ka¨hler manifold carrying a non-singular holomorphic folia-
tion F of rank 1. The foliation F is called algebraic when all its leaves
are compact complex curves. A non-singular algebraic foliation induces
a proper holomorphic map f : D → C(D) to a component C(D) of the
cycle space of D. Indeed, the general leaves of F are smooth curves
varying in a dominating family of cycles on D; by compactness of C(D),
one has well-defined limit cycles which must be supported on the spe-
cial leaves, and the multiplicity of such a cycle is uniquely determined
by pairing with the Ka¨hler class. Taking the normalization of the im-
age if necessary, we obtain a proper holomorphic map f : D → B onto
a (d − 1)-dimensional normal base B. It is well-known that in such a
situation, the holonomy groups of the leaves are finite (this amounts to
the boundedness of the volume of the leaves which holds in the Ka¨hler
case, see for example [E76]). Therefore by Reeb stability (see [MM],
or else [H-V08] which develops the construction of [MM] in the holo-
morphic case in some detail), locally in some saturated neighbourhood
of each leaf C of holonomy group GC , our foliation is the quotient of
T × C˜ , where T is a local transverse and C˜ is GC-covering of C, by the
natural action of GC .
In particular, B has only quotient singularities and so is Q-factorial,
and f is “uni-smooth”, that is, the reduction of any of its fibres is a
smooth projective curve.
Let g denote the genus of a non-singular fiber of f . If g = 0, the
holonomy groups are trivial and all fibres of f are smooth reduced
rational curves, B is smooth, f submersive. If g > 0, f may have
multiple fibres, of genus one when g = 1 and of genus greater than one
(but possibly smaller than g) when g > 1.
5If g = 1 and B is compact, it is well-known that f must be isotrivial:
indeed, the j-function then holomorphically maps B to C. In fact the
holomorphicity of j near the multiple fibres is easily checked: from
Reeb stability we obtain the local boundedness of j, and then use the
normality of B.
A pair D,F as above arises, for example, when D is a smooth con-
nected divisor in a 2n-dimensional projective (or compact Ka¨hler) man-
ifold X carrying a holomorphic symplectic 2-form σ. The foliation F
is then given, at each x ∈ D, as the σ-orthogonal to TDx at x. In this
case d = 2n − 1. In general, F will not be algebraic. One particular
case when F is algebraic is that of a uniruled D: the leaves of F are
then precisely the fibres of the rational quotient fibration of D (see for
instance [A-V14], section 4), so g = 0.
We will elucidate below the situation when F is algebraic and g > 0.
Note that in this example, the quotient bundle TD/F carries a sym-
plectic form, so it has trivial determinant. Therefore the line bundle
F is isomorphic to the anticanonical bundle of D (by adjunction, this
is OD(−D)).
The purpose of this section is to prove the following result, which is
stated as theorem 1.1 in the introduction.
Theorem 2.1. Let D be a smooth divisor in a projective holomorphic
symplectic variety (X, σ), and F the foliation on D given by the kernel
of σ|D. If D is non-uniruled and F is algebraic, then the corresponding
fibration f : D → B is isotrivial, KD is nef and abundant, ν(KD) =
κ(D) = 1 if g ≥ 2, and ν(KD) = κ(D) = 0 if g = 1.
This shall be a consequence of a more general isotriviality result
stated as theorem 1.2:
Theorem 2.2. Let D be a complex projective manifold of dimension
d carrying a nowhere vanishing holomorphic (d− 1)-form ω. Let F be
the foliation defined as the kernel of ω. Suppose F is algebraic. Then
the corresponding fibration f : D → B is isotrivial and submersive in
codimension two, and the canonical class of B is trivial.
Our first idea is to introduce the orbifold base of a fibration and to
show that the orbifold structure is actually trivial when the fibration
is defined by a non-vanishing holomorphic (d− 1)-form.
2.2. Orbifold base. Let f : D → B be a uni-smooth fibration in
curves, with D smooth Ka¨hler and B Q-factorial. We define (as in
[Ca 04], in a much more general situation there) the orbifold base (B,∆)
for f as follows: for each irreducible reduced Weil (Q-Cartier) divi-
sor E ⊂ B, set E ′ = f−1(E). This is an irreducible divisor, and
f ∗(E) = mf (E)E
′ for some positive integer mf (E). This integer is
equal to 1 for all but finitely many E. Set ∆ =
∑
E⊂B(1 − 1mf (E))E.
The divisor ∆ thus carries the information about the multiple fibers of
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f in codimension one, but the coefficients of ∆ are “orbifold multiplic-
ities” varying between zero and one rather than the multiplicities of
the fibers. Over a neighbourhood of a general point b ∈ ∆ - that is, a
point outside of Sing(B) and Sing(∆) - the map f is locally given by
(z1, . . . , zd−1, w) 7→ (zm1 , . . . zd−1) = (u1, . . . , ud−1), where m = mf (E)
for the component E of ∆ which contains b.
Lemma 2.3. Suppose that f is given by the kernel of a non-vanishing
holomorphic (d−1)-form ω. Then f has no multiple fibers in codimen-
sion one, that is, ∆ = 0, and KB is trivial.
Proof. The question on multiple fibers is local on B, and B is smooth
in codimension one. We can thus assume that B is a polydisc in Cd−1,
with coordinates (u1, . . . , ud−1) = (u, u
′) (u being the first coordinate
and u′ the (d − 2)-tuple of others), and that f has multiple fibres of
multiplicity m > 1 over the divisor E defined by the equation u = 0.
Since the form ω is d-closed, and its kernel is Ker(df)sat, the saturation
being taken in TD, it descends over B − E to a holomorphic (d − 1)-
form α on B − E such that ω = f ∗(α) on f−1(B − E) (see e.g. [S09],
lemma 6, where the full argument is given for holomorphic symplectic
forms; it immediately generalizes to our setting).
We are going to show that α extends holomorphically to B, and that
m = 1. Write α = G(u, u′)du ∧ du′ (where du′ stands for the wedge
product of dui for i > 1). We claim that |G(u, u′)| = eg.|u|−c, with
c = 1 − 1
m
, where g is a real-valued bounded function, after possibly
shrinking B near (0, 0).
Let, indeed, B′ ⊂ D be a smooth local multisection of degree m over
B meeting transversally the reduction of the fibre of f over (0, 0) ∈ B.
We can choose the coordinates (z1, z2, . . . zd−1, w) = (z, z
′, w) onD near
the intersection point (0, 0, 0) of B′ and the fibreD(0,0) of f over (0, 0) in
such a way that f(z, z′, w) = (zm, z′), and B′ is defined by the equation
y = 0. Restricting ω to B′, we see that f ∗(α) = G(zm, z′).m.zm−1.dz ∧
dz′ = ω|B′ = h(z, z′)dz ∧ dz′, for some nowhere vanishing function
h(z, z′) = H(zm, z′) = H(u, u′), whenever u = zm 6= 0.
Thus |G(u, u′)| = |G(zm, z′)| = |H(u,u′)|
m
. 1
|u|c
= eg(u,u
′). 1
|u|c
.
The following well-known fact now shows that α extends holomor-
phically to B, and hence c must be zero and m = 1 as claimed.
Let G(u, u′) be a holomorphic function defined on B − E, where B
is a polydisc centered at (0, 0) in Cn−1, and E is the divisor defined
by u = 0 in B. Assume that, for some ε > 0, |G(u, u′)| ≤ C.|u|−(1−ε)
for some positive constant C independent on u′. Then G(u, u′) extends
holomorphically across the divisor u = 0.
Indeed, fix u′, the Laurent expansion G(u, u′) =
∑k=+∞
k=−∞ ak(u
′).uk of
G has then coefficients ak(u
′)rk = 1
2pi
∫ 2pi
0
e−iktG(reit, u′)dt (cf. Henri
Cartan, The´orie e´le´mentaire des fonctions analytiques, Hermann 1961,
p. 86, formula (2.1)). The bound on |G| implies that |ak(u′)| ≤
7Cr−k−1+ε for 0 < r << 1. This implies that ak(u
′) = 0 if k < 0,
by letting r → 0+.
It remains to show that the Weil (Q-Cartier) divisor KB is trivial.
Indeed the form ω descends to a non-vanishing holomorphic form on
the complement of a codimension-two subset of B. Hence the triviality
of KB. 
Remark 2.4. Another way to see this is by Reeb stability. Indeed in
a neighbourhood of a multiple fiber C over a general point of ∆, which
has cyclic holonomy of order m, ω must lift as a GC-invariant form to
the GC-covering coming from Reeb stability, but this is impossible by
the explicit local computation.
Remark 2.5. The map f : D → B given by a global nonvanishing
(d − 1)-form may have multiple fibers in codimension two: take for
instance D = (E × E × C)/G where E is an elliptic curve, C is a
curve equipped with a fixed-point-free involution and G a group of order
two where the non-trivial element acts as −Id on E × E and as that
involution on C. Then the projection onto the quotient of E × E by
−Id has isolated multiple fibers, and is given by the kernel of a 2-form
which is the exterior product of 1-forms on E.
2.3. Isotriviality of the fibration. As we have already remarked,
the isotriviality of the family of curves f : D → B associated to F is
clear when g = 0 or g = 1, so we assume in this section that g ≥ 2.
All varieties are assumed to be projective (or quasiprojective, when we
work outside of a suitable codimension two subset such as Sing(B)).
Define the sheaf Ω1B as the direct image j∗Ω
1
Bsm where j : B
sm → B is
the embedding of the smooth part of B in B. The following theorem
is a direct consequence of the strenghtening of Miyaoka’s generic semi-
positivity theorem ([Mi85], see [PM] p. 66-67, Theorem 2.14, 2.15 for
a formulation adapted to our purposes) given in lemma 2.7 below.
Theorem 2.6. Let B be a normal projective variety with log-canonical
singularities such that KB ≡ 0. Let L be a coherent rank-one subsheaf
of (Ω1B)
⊗k for some k > 0. Then degC(L|C) ≤ 0 for a sufficiently
general complete intersection curve C cut out on B by members of a
linear system |lH|, l >> 0, where H is an ample line bundle on B.
In particular, for any integer m > 0 one has: h0(Bsm, L⊗m) ≤ 1 and
so κ(Bsm, det(F)) ≤ 0, for any coherent subsheaf F ⊂ Ω1B.
Proof. By lemma 2.7 below, the quotient Q := ((Ω1B)
⊗k/L) restricted
to C has non-negative degree. Thus the degree of the (locally free)
sheaf L|C is non-positive, since degC((Ω1B)⊗k) = 0. 
The following lemma is a special case of the main result of [C-P13]
when ∆ = 0. Its proof is a considerably simplified version of the general
case, in particular, no use of orbifold differentials is required. We refer
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to [C-P13] for details (see [C-P15] for a more general result; the reader
may also consult [Cl15] which exposes the main ideas and techniques
of both [C-P13] and [C-P15]).
Lemma 2.7. Let B be an n-dimensional, normal, connected, projective
variety with log-canonical singularities. Assume that KB is pseudo-
effective. Then, for any m > 0, any quotient Q of (Ω1B)
⊗m has non-
negative slope with respect to any ample polarisation α := Hn−1 of B.
Proof. By general properties of slopes (see e.g. pages 9-10 of [Cl15]), it
suffices to show that the minimal slope µminα (Ω
1
B) ≥ 0 (by the minimal
slope, one means the smallest possible slope of a quotient sheaf with
respect to α); recall that we are interested in degrees of restrictions
to curves C not passing through the singularities of B and therefore
all sheaves we consider are locally free on such C. Assume there is a
quotient of Ω1B with α-negative slope, then the maximal destabilising
subsheaf for the dual defines an α-semistable foliation F on B with
α-positive slope (integrability follows from Miyaoka’s slope argument).
By [B-MQ-01], F is algebraic. So there exists a rational fibration g :
B 99K Z such that F = Ker(dg).
Taking a neat model (see [C-P13], p. 848) of g, obtained by blowing
up B and Z, we get g′ : B′ → Z ′ with B′, Z ′ smooth. We can write
KB′ + ∆
′ = b∗(KB) + E, where b : B
′ → B is our blow-up, for ∆′
and E some effective b-exceptional Q-divisors on B′ without common
components. The divisor ∆′ on B′ is an orbifold divisor (that is has
coefficients between 0 and 1) because B is log-canonical, and KB′ +∆
′
is pseudo-effective, since so is KB. Let D(g
′, 0) denote the ramification
divisor of g′, that is, the sum of the (g′∗F − (g′∗F )red)surj over all
prime divisors F of Z ′, where the superscript means that we consider
only the non-exceptional components of g′∗F − (g′∗F )red, i.e. those
which map surjectively to F (cf. [C-P13], p.848). Theorem 2.11 of
[C-P13] shows thatM := KB′/Z′ +(∆
′)hor−D(g′, 0) is pseudo-effective
as well (here the superscript denotes the “horizontal part”, dominating
the base). Thus, denoting by C ′ the strict transform of a curve C
which is a generic complete intersection of large multiples of H , we
obtain MC ′ ≥ 0. On the other hand, it follows from Proposition 1.9
of [C-P13] that up to a positive normalisation constant k, we have:
−det(F)C = k.MC ′, a contradiction since by construction det(F)C >
0. Note that though the calculation of this proposition is made in the
orbifold context we actually do not need orbifold differentials: as the
generic curve C avoids the singularities, C ′ avoids ∆′, so that only the
ramification of g′ contributes. 
Remark 2.8. An example where Miyaoka’s result does not apply, while
lemma 2.7 does, is the following Ueno surface. Let A = E × E be the
product of two copies of the elliptic curve E with complex multiplication
by i =
√−1. Let S := A/Z4, the generator acting by i simultaneously
9on both factors. Then S is a rational surface with 16 quotient singu-
larities, not all canonical. On S there is no pair (F , H) consisting of a
rank 1 foliation F and a polarisation H such that the H-slope of F is
positive. This follows from 2.7, but can also be checked directly. Indeed,
otherwise both F and H could be lifted to A with this same intersection
property, since the quotient map q : A → S is e´tale over Ssm, and A
is smooth. But such a foliation does not exist on A, since its tangent
bundle is trivial. The surface S is uniruled, therefore the absence of
such foliations is not directly implied by [Mi85].
We return to the proof of Theorem 2.2.
The determinant of any subsheaf of Ω1B restricted to B
sm has non-
positive Kodaira dimension; this also remains true for finite coverings
of B, e´tale over Bsm.
Following [H-V08], we now construct a subsheaf of Ω1B (or more pre-
cisely of Ω1B′ where B
′ is such a covering) such that the Kodaira di-
mension of its determinant over Bsm is equal to the variation of moduli
of our family of curves; the argument is shorter here since we have re-
marked that f is submersive in codimension one.
Indeed, it suffices to do so outside of a codimension-two algebraic
subset in B, that is, over B0 which is smooth and such that the re-
striction f : D0 → B0 of f : D → B is a smooth family of curves. It is
well-known (see e.g. [H-V08], Lemma 3.1) that, after replacing B0 by
a finite e´tale covering, the family f : D0 → B0 becomes the pull-back
of the universal family of curves with level N structure g : C[N ]g →M [N ]g
under a morphism j : B0 →M [N ]g for a suitable N >> 0.
Since D0 is now a smooth family of curves over a smooth base B0,
one can consider the “Kodaira-Spencer map”
f∗(ω
⊗2
D0/B0)→ Ω1B0
obtained by dualizing the usual Kodaira-Spencer map from TB0 to
R1f∗TD0/B0 associated to the family of curves f : D
0 → B0. Let
H ⊂ Ω1B0 be its image: it is a coherent subsheaf of Ω1B0 . Moreover, it is
functorial in B0, that is, its construction commutes with base change.
Proposition 2.9. (cf. [H-V08], proposition 4.4) Assume that g ≥ 2.
Then κ(B0, det(H)) = V ar(f) = dim(Im(j)).
Proof. The sheaf f∗(ω
⊗2
D0/B0) is the pull-back by j of g∗(ω
⊗2
C
[N]
g /M
[N]
g
),
and the latter is ample by [H-V08], Proposition 4.3. We conclude by
[H-V08], Lemma 4.2. 
Corollary 2.10. The fibration f : D → B is isotrivial.
Indeed, by 2.6 we know that the Kodaira dimension of the determi-
nant of any subsheaf of Ω1Bsm is non-positive, and so κ(B
sm, det(H)) =
V ar(f) = 0. This finishes the proof of theorem 2.2.
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2.4. A more general conjectural isotriviality statement. The
corollary 2.10 is a special case of the following more general conjectural
statement, which slightly generalises [T13]1:
Conjecture 2.11. Let f : X → B be a proper, connected, quasi-
smooth2 fibration of quasi-projective varieties, where X is smooth and
B is normal. Assume that the (reduced) fibres of f have semi-ample
canonical class, and that the orbifold base (B,∆) of f is special in the
following sense (cf. [Ca 07]): for any p > 0 and any coherent rank-one
subsheaf L ⊂ (f ∗(ΩpB))sat, where the saturation takes place in ΩpX , one
has κ(X,L) < p. Then f is isotrivial.
We would like to remark that the special case of this conjecture when
f : X → B is a family of curves and the orbifold canonical bundle of
the base is trivial can be proved by an argument similar to the one just
given but much more subtle, using the orbifold generic semi-positivity
of [C-P13] and the full argument of [H-V08]. Since this turns out to
be irrelevant for the characteristic foliation by lemma 2.3, we intend to
publish this elsewhere.
2.5. Consequences of isotriviality.
Our goal now is to get the information on KD once the isotriviality
is established. All arguments work in the compact Ka¨hler case. Let us
first remark that the relative canonical divisor KD/B is well-defined as
a Q-Cartier divisor, and KD ≡ KD/B since KB is trivial.
We first make a normalized base-change to remove all multiple fibers.
Lemma 2.12. Let D be a compact connected Ka¨hler manifold with a
smooth rank-one foliation F with compact leaves of genus g ≥ 1. Let
f : D → B be the associated proper fibration. Consider the normalized
base-change fD : (D ×B D)ν → D. Then fD is smooth.
Proof. By definition of a foliation, a neighbourhood of x ∈ D is iso-
morphic to U ′ ×F , where F is a small open subset of the leaf through
x and U ′ is a local transverse to the foliation. Moreover, by Reeb
stability, a small neighbourhood U of b ∈ B is U ′/G where G is the ho-
lonomy group, and D′U = (D×U U ′)ν is smooth over U ′ and e´tale over
DU = f
−1(U). Hence (D ×B D)ν, which locally in a neighbourhood of
x is naturally isomorphic to (D ×U (U ′ × F ))ν = D′U × F , is smooth
over D: indeed the projection to D is, locally, the composition of the
smooth projection to D′U with the natural e´tale projection from D
′
U to
DU . 
Denote by f ′ : D′ → B′ our new smooth family (so that B′ = D and
D′ = (D ×B D)ν) and by s : D′ → D the natural projection. Notice
1In [T13], the conjecture is established when B is smooth and ∆ = 0.
2That is, the reduction of every fibre is smooth.
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that since the normalization procedure only concerns the codimension-
two locus, we have KD′/B′ ≡ s∗KD/B.
It is well-known that a smooth isotrivial family of curves of genus
g, after a suitable finite base change, becomes a product when g ≥ 2,
and a principal fibre bundle when g = 1. More precisely, we have the
following lemma:
Lemma 2.13. There exists a finite proper map h′ : B′′ → B′ such that
after base-changing f ′ by h′, we get f ′′ : D′′ → B′′ and s′ : D′′ → D′
with the following properties: D′′ ∼= F × B′′ over B′′ when g ≥ 2,
and f ′′ : D′′ → B′′ is a principal fibre bundle if g = 1. Moreover,
KD′′/B′′ is nef, κ(D
′′, KD′′/B′′) = ν(D
′′, KD′′/B′′) = 1 if g ≥ 2, and
κ(D′′, KD′′/B′′) = ν(D
′′, KD′′/B′′) = 0 if g = 1.
Here ν denotes the numerical dimension.
Proof. The smooth isotrivial family f ′ is a locally trivial bundle with
structure group Aut(F ), where F is a fiber. If g ≥ 2, this is a finite
group, so that the bundle trivializes after a finite covering h′ : B′′ → B′.
If g = 1, we get the principal bundle structure after a finite covering
corresponding to the quotient of Aut(F ) by the translation subgroup.
The second claim is obvious when g ≥ 2. When g = 1, we remark
that KD′′/B′′ is dual to f
′′∗(R1f ′′∗ (OD′′)), and the latter is trivial since
translations on an elliptic curve operate trivially on cohomology. 
Corollary 2.14. Let f : D → B be as above. Then KD is nef, κ(D) =
ν(D,KD) = 1 if g ≥ 2, and κ(D) = ν(D,KD) = 0 if g = 1.
Proof. Since
NKD′′/B′′ ≡ Ns′∗(KD′/B′) ≡ Ns′∗(s∗(KD/B)) ≡ N(h ◦ h′)∗(KD),
this follows from the preceding lemma, by the preservation of nefness,
numerical dimension and Kodaira-Moishezon dimension under inverse
images. 
This finishes the proof of the theorem 1.1 in the projective case. Re-
mark that when g = 1, this argument also proves the Ka¨hler case, since
the isotriviality, for which the projectivity assumption was needed, is
then automatic. This shall be used in the proof of Corollary 5.2.
In the next section, we shall give a proof of the theorem 1.3.
3. Divisors on irreducible hyperka¨hler manifolds.
We suppose now that X is a projective irreducible holomorphic sym-
plectic manifold of dimension 2n ≥ 4, D ⊂ X is a smooth non-uniruled
divisor on X and the fibres of f : D → B are curves of non-zero genus
tangent to the kernel of the restriction of the holomorphic symplectic
form σ to D. Recall that on the second cohomology of X there is a
non-degenerate bilinear form q, the Beauville-Bogomolov form.
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By corollary 2.14 ν(KD) ≤ 1 < dim(X)2 . On the other hand, we
have the following well-known lemma (see for instance [M99], lemma 1,
keeping in mind that by Fujiki formula D2n is proportional to q(D,D)n
with non-zero coefficient, and that the numerical dimension ν(D) of
a nef divisor D is the maximal number k such that the cycle Dk is
numerically non-trivial).
Lemma 3.1. Let D be a non-zero nef divisor on an irreducible hy-
perka¨hler manifold X. Then either ν(D) = dim(D) (if q(D,D) > 0),
or ν(D) = dim(X)
2
(if q(D,D) = 0).
Note that ν(X,D) = ν(D,KD) + 1, since KD = D|D. Therefore
ν(D) ≤ 2 and the only possibility is dim(X) = 4, ν(X,D) = 2,
ν(D,KD) = κ(D) = 1, g ≥ 2. This case can be excluded as fol-
lows: since κ(D) = ν(D,KD), D is a good minimal model and the
Iitaka fibration φ : D → C is a regular map. Its fibers S are equivalent
to D2 as cycles on X , and therefore are lagrangian. Indeed, it follows
from the definition of the Beauville-Bogomolov form σ on X that∫
S
σσ¯ = q(D,D) = 0,
and this implies that the restriction of σ to S is zero. So the leaves of
the characteristic foliation must be contained in the fibers of φ, giving
the fibration of S in curves of genus at least 2. But this is impossible
on S, since S is a minimal surface of Kodaira dimension zero.
This proves theorem 1.3.
4. Divisors on general projective symplectic manifolds.
The purpose of this section is to prove theorem 1.5.
Recall the setting: (X, σ) is a holomorphic symplectic projective
variety, D ⊂ X is a smooth hypersurface such that its characteristic
foliation F is algebraic and the genus g of the leaves is strictly positive.
We wish to prove that up to a finite e´tale covering, X is a product with
a surface and D is the inverse image of a curve under projection to this
surface.
By Bogomolov decomposition theorem, we may assume that X is the
product of a torus T and several irreducible hyperka¨hler manifolds Hj
with q(Hj) = 0 (here q denotes the irregularity h
1,0) and h2,0(Hj) = 1.
We distinguish two cases:
First case: X is not a torus. We shall proceed by induction on
the number of non-torus factors in the Bogomolov decomposition of X .
Since X is not a torus, there is an irreducible hyperka¨hler factor H
in the Bogomolov decomposition. If X = H , we are done. Otherwise,
write X = H × Y , where Y is the product of the remaining factors.
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By Ku¨nneth formula, we have σX = σH ⊕ σY on TX ∼= TH ⊕ TY ,
since q(H) = 0. For y ∈ Y general, let Dy = D ∩ (H × {y}). If
this is empty, then D = H × DY for some divisor DY of Y , which
is smooth with algebraic characteristic foliation. Indeed, at any point
of D the σX-orthogonal to TD is contained in the σX -orthogonal to
TH ⊂ TD, whereas TH⊥ = TY since σX is a direct sum. We conclude
by induction in this case.
Therefore we may suppose that D dominates Y . For y ∈ Y generic,
Dy is a smooth non-uniruled divisor on H × y. At any point (h, y) ∈
D such that Dy 6= H × y is smooth at h, we have TDy = TD ∩
TH . Moreover, at such a point TH 6⊂ TD and thus, taking the σ-
orthogonals, F 6⊂ TY . We get (TDy)⊥ = TD⊥ ⊕ TH⊥ = F ⊕ TY .
Since σ is a direct sum, the σH -orthogonal of TDy in TH is the
projection of F to TH .
In other words: the characteristic foliation FDy of Dy inside H is
the projection on TH of the characteristic foliation F ⊂ TX along Dy.
The leaves of FDy are thus the e´tale pH-projections of the leaves of
F along Dy, and so FDy is algebraic, with non-uniruled leaves. From
theorem 1.3, we deduce that H is a K3-surface, and the divisors Dy
are curves of genus g > 0 for y ∈ Y generic.
When Dy is singular at h, one has TH ⊂ TD at (h, y), and therefore
at such points F ⊂ TY .
Fix any h ∈ H and let Cy denote the leaf of the characteristic folia-
tion of D through (h, y). By isotriviality, all the curves Cy are isomor-
phic to each other. When y varies in the fibre of D over h, we thus
have a positive-dimensional family of nonconstant maps pH : Cy → H
parameterized by a compact (but possibly not connected) variety Dh,
and all images pass through the point h ∈ H . After a base-change
α : Z → Dh (not necessarily finite, but with Z still compact) of the
family of the leaves, we have a map p : Cy×Z → H mapping a section
c × Z to a point. By the rigidity lemma, all images pH(Cy) coincide
when y varies in a connected component of Z; therefore there is only
a finite number of curves Cy through any h ∈ H . By the same reason,
such a curve (that is, the projection of a leaf of F to H) does not in-
tersect its small deformations in the family of the projections of leaves.
The family of such curves is thus at most a one-parameter family, and
there are only finitely many of them through any given point of H .
We are thus left with two cases: either all leaves of F project to
the same curve on H , so that pH(D) = C ⊂ H is a curve and we
are finished; or pH(D) = H . In this last case, H is covered by a one-
parameter family of curves Ct, which we may suppose irreducible, such
that Ct does not intersect its small deformations and there is only a
finite number of Ct through a given point.
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Notice also that these Ct have to coincide with the connected com-
ponents of the divisors Dy and therefore the generic Ct is smooth. By
adjunction formula, it is an elliptic curve and H is fibered in curves Ct.
We claim that every Ct is non-singular. Indeed, suppose that some
Ct is singular at h ∈ H . It has to be a connected component of a Dy for
some (h, y) on a leaf of F projecting to Ct. As we have remarked above,
the singularity ofDy at h means that TH ⊂ TD and therefore F ⊂ TY
along a connected component of p−1H (h). But such a component is of
strictly positive dimension and therefore would contain a leaf of F . So
there are at least two leaves of F through (h, y), one projecting to Ct
and another to a point, which is absurd.
Since H is a K3-surface, it does not admit an elliptic fibration with-
out singular fibers by topological reasons (non-vanishing of the Euler
number). This is the contradiction excluding pH(D) = H , and thus
establishing theorem 1.5 when X is not a torus. 
Second case: X = T is a torus. We shall use Ueno’s structure
theorem for subvarieties of tori ([U75], Theorem 10.9).
If g > 1, then κ(D) = 1. By Ueno’s theorem there is a subtorus K
of codimension 2 such that D is the inverse image of a curve on the
quotient: D = p−1(C), where p : T → S := T/K is the projection
and C ⊂ S is a curve of genus g′ > 1 on the abelian surface S. The
σ-orthogonal space to K gives canonically a two-dimensional linear
foliation FT on T , such that the intersections of its leaves with D are
the leaves of F , hence smooth compact curves which project in an e´tale
way by p onto C.
Let us show that the leaves of FT are compact. Take a leaf C of F
through a point x ∈ T . It is contained in the leaf L of FT through x.
Choose a group structure on T in such a way that x = 0. The translate
of C by any point a ∈ C is still contained in the leaf L since L is linear;
on the other hand, it is not equal to C for a outside of a finite set, since
g(C) > 1. Since L is two-dimensional and contains a family of compact
curves parameterized by a compact base, L must itself be compact.
Therefore the leaves of FT are translates of an abelian surface S ′. It
suffices now to take a finite e´tale base-change from S to S ′ to get the
desired form T ′ = K × S ′, D′ = K × C, σ direct sum of symplectic
forms on S ′ and K.
If g = 1, then κ(D) = 0, and D is a subtorus of codimension 1
with an elliptic fibration. There thus exists an elliptic curve C ⊂ T
and a quotient pi : T → R = T/C such that D = pi−1(V ), where V
is a codimension 1 subtorus of the torus R. Project ρ : R → R/V ,
and consider the composition p : T → S := R/V . Then S is an
abelian surface, and C ′ := p(C) is an elliptic curve on it. Moreover,
D = p−1(C). Let K be the kernel of p: this is a subtorus of T of
codimension 2. By Poincare´ reducibility, there exists an abelian surface
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S ′ ⊂ T such that (S ′ ∩ K) is finite. After a finite e´tale cover, T ′ =
S ′ ×K, and D′ = C ×K is of the claimed form. 
Remark 4.1. In this last case, σT is in general not the direct sum
of symplectic forms on S ′ and K. Take for example T = S × A,
D = E×A, for S,A,E ⊂ S Abelian varieties of dimensions 2, (n−2), 1
respectively, with linear coordinates (x, y) on S, (z1, ..., zn−2) on A,
and E given by x = 0. Take σS := dx ∧ dy, σA arbitrary on A, and
σ = σS + σA + dx ∧ dz, for any nonzero linear form z on TA.
5. Application to the Lagrangian conjecture.
Our aim is corollary 5.2 below. First we prove the following propo-
sition.
Proposition 5.1. Let D ⊂ X be a smooth hypersurface in a connected
compact Ka¨hler manifold X of dimension 2n, carrying a holomorphic
symplectic 2-form σ. Denote by F the characteristic foliation on D
defined by σ. Assume that D admits a holomorphic fibration ψ : D → S
onto an (n−1)-dimensional connected complex manifold S, such that its
general fibre is a lagrangian subvariety of X of zero Kodaira dimension.
Then
1. The foliation F is ψ-vertical (ie: tangent to the fibres of ψ).
2. Either the smooth fibres of ψ are tori, and then ψ is the restriction
to D of a holomorphic Lagrangian fibration ψ′ on some open neighbor-
hood of D in X; or their irregularity q(F ) is equal to n − 1. In this
case the Albanese map aF : F → Alb(F ) is surjective and connected,
and its fibres are elliptic curves which are the leaves of F . Moreover F
has a finite e´tale covering which is a torus.
Proof. The first claim is obvious, since, at any generic x ∈ D, the σ-
orthogonal to TDx is included into the σ-orthogonal to TFx (where F
denotes the fibre of ψ through x), which is equal to itself since F is
Lagrangian.
Since the deformations of our Lagrangian fibres F cover D, we have
q(F ) = h0(Y,Ω1X) = h
0(Y,NY/X) ≥ dim(D) − dim(F ) = n − 1. Note
that q(F ) ≤ n, since the Albanese map of a variety with zero Kodaira
dimension is surjective with connected fibres by [K81].
If q(F ) = n, F is bimeromorphic to a torus. Since it admits an
everywhere regular foliation, it must be a torus. In this case F deforms
in an n-dimensional family and this gives a fibration of a neighbourhood
of F in X (indeed, the normal bundle to F in X is trivial since it
is isomorphic to the cotangent bundle by the lagrangian condition).
Otherwise, q(F ) = n − 1 and the fibres of the Albanese map aF are
one-dimensional. In fact these are elliptic curves by Cn,n−1 ([Vi77]),
and this also implies that F has a finite e´tale covering which is a torus.
Finally, the leaves of F inside F are tangent to the fibres of aF .
Indeed, since q = n − 1 and F moves inside an (n − 1)-dimensional
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smooth and unobstructed family of deformations (the fibres of ψ), all
deformations of F stay inside D, and the natural evaluation map ev :
H0(F,NF/X)⊗OF → TX|F must take its values in TD|F .
Assume the leaves of F are not the fibres of aF . We can then choose
a 1-form u on Alb(F ) such that v = a∗F (u) does not vanish on F at the
generic point z of F . The vanishing hyperplane of vz in TFz is however
σ-dual to a vector tz ∈ TXz, unique and a nonzero modulo TFz, which
corresponds to the 1-form vz under the isomorphism (NF )z ∼= (Ω1F )z
induced by σ on the Lagrangian F . Since v does not vanish on Fz by
assumption, tz /∈ (TD)z, which contradicts the fact that all first-order
infinitesimal deformations of F are contained in D. 
Corollary 5.2. Assume that X is an irreducible hyperka¨hler manifold
of dimension 2n, and D ⊂ X a smooth reduced and irreducible divisor.
Assume that KD is semi-ample. Then OX(D) is semi-ample.
Proof. If the Beauville-Bogomolov square q(D,D) is positive, then D
is big, X is projective and the statement follows from Kawamata base
point freeness theorem. So the interesting case is when D is Beauville-
Bogomolov isotropic. We have KD = OX(D)|D. If KD is semi-ample,
its Kodaira dimension is equal to ν(KD) = n− 1 (lemma 3.1) and the
Iitaka fibration ψ is regular. The relative dimension of ψ is equal to n.
In fact q(D,D) = 0 implies that ψ is lagrangian in the same way as in
[M01] (using that KD = OD(D) and that a suitable positive multiple
m.F of the fibre F is ψ∗(Hn−1) for some very ample line bundle H on
S). By proposition 5.1, we have two possibilities: either F is a torus,
and then the fibration ψ extends near D, since F must deform in an
n-dimensional family; or F is of Albanese dimension n − 1 and the
characteristic foliation on D is algebraic.
In the first case we conclude by [G-L-R 11], [H-W12] and [M08]. In
the second case, we notice that since F has numerically trivial canonical
bundle, the fibers of the characteristic foliation, which by proposition
5.1 are tangent to F , must be elliptic curves by adjunction formula.
Therefore the characteristic foliation is isotrivial, and corollary 2.14
together with the proof of theorem 1.3 imply that this is impossible
unless in the case n = 1, which is well-known.

Recall that the Lagrangian conjecture affirms that a non-zero nef
Beauville-Bogomolov isotropic divisor is semiample (and thus there is
a lagrangian fibration associated to some multiple of such a divisor).
Corollary 5.2 shows that the Lagrangian conjecture is true for an effec-
tive smooth divisor on a holomorphic symplectic manifold of dimension
2n, if the Abundance conjecture holds in dimension 2n− 1. Since the
Abundance conjecture is known in dimension 3, we have the following:
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Corollary 5.3. Let X be an irreducible hyperka¨hler manifold of di-
mension 4, and D a nef divisor on X. Assume that D is effective and
smooth. Then OX(D) is semi-ample.
Notice that if dim(X) = 4, we can use [A11] instead of [G-L-R 11]
and [H-W12], and [AC05] instead of [M08], so that the proof becomes
more elementary in this case.
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